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The existence of the global attractor of a weakly damped, forced Korteweg–de
Vries equation in the phase space L2ðRÞ is proved. An optimal asymptotic smoothing
effect of the equation is also shown, namely, that for forces in L2ðRÞ; the global
attractor in the phase space L2ðRÞ is actually a compact set in H3ðRÞ: The energy
equation method is used in conjunction with a suitable splitting of the solutions; the
dispersive regularization properties of the equation in the context of Bourgain spaces
are extensively exploited. # 2002 Elsevier Science (USA)
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Our aim is to study the existence and the regularity of the global attractor
in the phase space L2ðRÞ for the following weakly damped, forced
Korteweg–de Vries (KdV) equation:
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ujt¼0 ¼ u0 2 L
2ðRÞ: ð1:2Þ
It is assumed that f is time independent and belongs to L2ðRÞ; and that g > 0
is a constant. We show that the global attractor exists in L2ðRÞ and is a
compact set in H3ðRÞ; thus, proving an asymptotic smoothing effect (in the
terminology used by Haraux [13]) since the solutions, in general, belong only
to L2ðRÞ:
Equation (1.1) has been derived by Ott and Sudan [23] as a model for ion-
sound waves damped by ion-neutral collisions. For g ¼ 0 and f ¼ 0;
Eq. (1.1) is the well-known KdV equation [17]. From the mathematical
point of view, the extra term with the factor g accounts for a weak
dissipation with no regularization, or smoothing, property. The asymptotic
smoothing of the global attractor comes essentially from the dispersive
regularization property of the equation.
For the well posedness of (1.1) in L2ðRÞ; we use the so-called Bourgain
function spaces. Those spaces were introduced by Bourgain [5] for the well
posedness of the KdV itself in L2ðRÞ; we follow here the guidelines of Kenig
et al. [15] (see also, [8]). Those spaces were also used by Bona and Zhang [4]
for the well posedness in L2ðRÞ of the forced equation without the weak
dissipation (i.e., with g ¼ 0). The well posedness of the KdV equation was
obtained in higher order Sobolev spaces in, for instance, [3, 26, 27], and in
lower order Sobolev spaces in, for instance [15, 16]. For the existence of the
global attractor, we use essentially the energy equation method introduced
by Ball [2] (for a wave-type equation) together with a splitting of the
solutions.
The existence of the global attractor for hyperbolic equations is obtained
by means of the asymptotic compactness or the asymptotic smoothing
properties of the solution operator together with the existence of a bounded
absorbing set [1, 12, 18, 24, 28]. Those properties are usually proved by
splitting the solutions into a decaying part plus a regular part, or by
exploiting suitable energy-type equations, or both. For the energy equation
method, the weak continuity of the solutions with respect to the initial
condition (in the sense that if the initial conditions u0n converge to u0
weakly, then the corresponding solutions unðtÞ converge weakly to uðtÞ at all
times t) is a crucial step. This approach was used, for instance, in the proof
of the existence of the global attractor for (1.1) in H1ðRÞ [25], in H2ðRÞ
[19, 22], and in the space-periodic case [7, 10, 21], as well as for several other
equations (e.g., [9, 30]).
The energy equation method can also be applied to (1.1) in L2ðRÞ: Here,
however, since we also want to prove the regularity of the attractor, we use
this energy equation method together with a splitting of the solutions to
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boundedness in H3ðRÞ: This is achieved by splitting the solutions into two
parts, one which is regular (it belongs to H3ðRÞ) and the other which decays
to zero (in L2ðRÞÞ as time goes to inﬁnity. In this way, the weak continuity of
the solution operator just mentioned is actually not used, and it is replaced
by an asymptotic weak continuity property (in the spirit of [22]).
Nevertheless, the weak continuity is an interesting property by itself, so
we include its proof at the end. Because of the lack of the compact Sobolev
embeddings in the unbounded case, the splitting alone is not enough to
prove the asymptotic compactness of the solution operator, and the energy
equation method is used.
After obtaining the boundedness in H3ðRÞ of the regular part of the
solution, the compactness of the global attractor in H3ðRÞ is obtained by
applying the energy equation method to the equation for the time derivative
of the solutions in the global attractor. From Eq. (1.1) and from the ﬁrst
part of the proof, we see that the time derivatives are in L2ðRÞ since the
global attractor is bounded in H3ðRÞ: From the energy equation method, we
obtain, loosely speaking, the L2ðRÞ compactness for the time derivatives.
Then, going back to Eq. (1.1), this gives the compactness of the global
attractor in H3ðRÞ: The major difﬁculty here comes from the fact that the
time derivative of the solutions is just in L2ðRÞ; which makes the nonlinear
term in the energy equation for the time derivative more difﬁcult to handle.
This term is handled by using the subtle dispersive regularization properties
of the equation in the context of the Bourgain spaces.
The splitting used is obtaining by writing u ¼ v þ w and splitting the
nonlinear term as
uux ¼ vvx þ PN ððvwÞx þ wwxÞ þ QNððvwÞx þ wwxÞ;
where PN denotes the Fourier spectral projector associated with a cut off of
the higher modes which retains only the modes with spatial frequency jxj4
N; for N > 0: The operator QN is the complement QN ¼ I  PN : Then, we
obtain
vt þ vvx þ vxxx þ gv ¼ f  PN ððvwÞx þ wwxÞ ð1:3Þ
and
wt þ QNðwwxÞ þ wxxx þ gw ¼ QNðvwÞx; ð1:4Þ
with the initial conditions
vjt¼0 ¼ PNu0; wjt¼0 ¼ QNu0: ð1:5Þ
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and in the initial condition, the solution v is more regular (‘‘three orders’’
more regular than f in the scale of Sobolev spaces). As for w; there is no
forcing term, and the presence of the operator QN makes the additional
linear (driving) term on the right-hand side of the equation be relatively
small with respect to the weakly dissipative term. Then, we obtain that w
actually decays in time in the L2ðRÞ-norm. The appropriate estimate of the
driving term is obtained thanks to the dispersive regularization properties of
the linear part of the equation in the context of the Bourgain spaces; this
type of estimate has already been exploited by Goubet [10] in the space-
periodic case for the same purpose, and it is slightly simpliﬁed here. We then
show that as time t goes to inﬁnity, uðtÞ ¼ vðtÞ þ wðtÞ converges strongly in
L2ðRÞ to a solution %uðtÞ on the global attractor, with %uðtÞ in H3ðRÞ; and with
the regular part vðtÞ converging strongly in H3ðRÞ to %uðtÞ: The decaying part
wðtÞ goes to zero in L2ðRÞ:
The existence of global attractors for Eq. (1.1) was ﬁrst considered by
Ghidaglia [6, 7], in the spaces H2perð0;LÞ of L-periodic functions in H
2; where
it is assumed that f 2 H2perð0;LÞ: This result was extended to H
k
perð0;LÞ; with
k 2 N; k53 by Moise and Rosa [21], with f 2 Hkperð0;LÞ; and where the
global attractor was proved to be more regular if so is f (with the attractor
as regular as f in the scale of Sobolev spaces Hmperð0;LÞ; m 2 N; m > k53).
The whole space case in the phase space H2ðRÞ; and assuming f also in
H2ðRÞ; was treated independently by Laurenc¸ot [19], using energy-type
equations and weighted spaces, and by Moise et al. [22], using only energy-
type equations. The H1ðRÞ case, assuming f in H1ðRÞ; was treated by Rosa
[25]. In all those works, the attractor was proved to be as regular as the
forcing term.
If one considers the steady states of (1.1), however, one notes that
they are ‘‘three orders’’ (in the scale of Sobolev spaces) more regular than
the forcing term. One could expect that the same would happen for
the global attractor. The breakthrough to obtain such asymptotic
regularization was obtained recently by Goubet [10] by exploiting the
dispersive regularization properties associated with (1.1) in the context of
Bourgain spaces. The author considered the space-periodic case in the phase
space L2ð0;LÞ and proved that indeed the global attractor exists and is
actually compact in H3perð0;LÞ: The method used is a splitting of the solutions
in a way similar to the one used here. The compact Sobolev embeddings on
bounded domains is used to prove the asymptotic compactness in L2ð0;LÞ;
while the compactness of the global attractor in H3perð0;LÞ is obtained by the
energy equation method applied to the equation for ut: In the present work,
we are able to extend this result to the whole real line. Some delicate issues
appear due to the lack of the compact Sobolev embeddings, and the
dispersive regularization is exploited further to compensate for that.
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the forcing term f belongs to HkðRÞ; for a given k 2 N; then Eq. (1.1)
generates a group in each phase space HmðRÞ; for m ¼ 0; 1; . . . ; k; and the
global attractor exists and is the same for each group; moreover, the global
attractor is a compact set in Hkþ3ðRÞ: This completes the study of the
existence and regularity of the global attractor for Eq. (1.1) in the scale of
Sobolev spaces HkðRÞ for integers k50: For the existence of the attractor in
Gevrey spaces when the force is in Gevrey, see [29].
2. FUNCTION SPACES AND PRELIMINARY ESTIMATES
2.1. Function Spaces
We consider the spaces L2ðRÞ and HsðRÞ; s 2 R; with the norms denoted,
respectively, by jj 	 jjL2ðRÞ and jj 	 jjHsðRÞ: The inner product in L
2ðRÞ is denoted
by ð	; 	ÞL2ðRÞ: Let L
2
locðRÞ denote the Fre´chet space of functions which are
locally in L2; i.e., which belong to L2ðJÞ for every compact interval J in R:
We will use the following compact embedding:
H3ðRÞ

c
L2locðRÞ: ð2:1Þ
We also consider spaces of the type C1c ; of inﬁnitely differentiable functions
with compact support and the Schwartz space SðR2Þ of tempered test
functions on R2: More general spaces of the type Hs; s 2 R; and Lp; 14p
41; are also considered, and their norm is denoted with the appropriate
subscript. We recall the Agmon inequality:
jjujjL1ðRÞ4jjujj
1=2
L2ðRÞjj@xujj
1=2
L2ðRÞ: ð2:2Þ
Whence we deduce the following inequality which will be used in the sequel:
jju2jjH1ðRÞ4jjujj
2
L2ðRÞ: ð2:3Þ
For a given interval I and a given Banach space E; we also consider the
spaces LpðI ; EÞ; 14p41; of measurable E-valued functions on I whose
norm in E to the pth power is integrable on I (or is essentially bounded if
p ¼ 1), and the space CbðI ; EÞ of bounded, continuous functions on I with
values in E: Their respective norms are denoted with the appropriate
subscripts as above. When I is an unbounded interval and 14p51; it is
also useful to consider the functions which are locally in Lp; i.e., the space of
functions which belong to LpðJ; EÞ for every bounded subinterval J  I :
Those spaces are Fre´chet spaces and are denoted L
p
locðI ; EÞ: Similarly, we
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bounded subinterval J  I :
An important role is played by the Bourgain space–time function spaces
X s;b; for s; b 2 R; which are deﬁned as the completion of the Schwartz space
SðR2Þ with respect to the norm
jj f jj2X s;b ¼
Z
R
Z
R
ht x3i2bhxi2sj fˆ ðx; tÞj2 dx dt; ð2:4Þ
where fˆ ¼ fˆ ðx; tÞ is the Fourier transform of f ¼ f ðx; tÞ; and
hli ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ jlj2
q
: ð2:5Þ
We will sometimes also denote the Fourier transform in Rn by
Fð f ÞðzÞ ¼ fˆ ðzÞ ¼
1
ð2pÞn=2
Z
Rn
f ðzÞeiz	z dz: ð2:6Þ
The inverse Fourier transform is denoted F1:
We have the continuous embedding
X s;b  CbðR;HsxðRÞÞ; ð2:7Þ
for any s 2 R and b > 1=2: On dealing with space–time functions as in (2.7),
we will often use a subscript on the function spaces considered to indicate
with respect to which variable that function space refers to. Similarly, we
indicate by Fx the Fourier transform with respect to x of a function
depending on x and t:
We will also need to localize in time the estimates obtained in the spaces
X s;b: For this purpose, consider a function c 2 C1c ðRÞ which is equal to one
on ½1; 1 and to zero outside ð2; 2Þ: We set cT ðtÞ ¼ cðt=TÞ: For any given
interval I ¼ ½a; b; set also cI ðtÞ ¼ cðð2t  a  bÞ=ðb  aÞÞ: Then, we consider
the seminorms in X s;b deﬁned by
jjujjX s;b½T ; T 
¼ jjcT ujjX s;b ð2:8Þ
and
jjujjX s;b
I
¼ jjcI ujjX s;b : ð2:9Þ
The function c is ﬁxed once and for all, since some of the constants below
depend on it.
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Consider the free Airy group fW ðtÞgt2R; which is given by W ðtÞ ¼
expðt@3xÞ: The Bourgain spaces are such that u ¼ uðx; tÞ belongs to X
s;b if
and only if W ðtÞu belongs to Hbt H
s
xðR
2Þ: We can write
jjujjX s;b ¼ jjW ð	ÞujjHbt HsxðR2Þ ¼ jjht x
3ibhxisuˆjjL2t;xðR2Þ: ð2:10Þ
The following estimate is then easy to obtain:
jjcT W ðtÞu0jjX s;b ¼ jjcT jjHbðRÞjju0jjHsðRÞ; ð2:11Þ
for every u0 2 HsðRÞ and s; b 2 R:
We borrow from [8, Lemma 3.2] the following result:
Lemma 2.1. Consider s 2 R; 05T41; and 1=25b0  1404b4b0: Let
g 2 X s;b
01; and define
wðtÞ ¼ cT ðtÞ
Z t
0
W ðt  t0Þgðt0Þ dt0: ð2:12Þ
Then, there exists a constant c1 > 0; independent of s; b; b0 and T ; such that
the following inequality holds:
jjwjjX s;b4c1T
b0bjjgjjX s;b01 : ð2:13Þ
From [15, Lemma 3.2] we borrow the following result:
Lemma 2.2. There exists a constant c2 > 0 such that for s 2 R; 1=25b4
1; and u 2 X s;b; we have
jjcT ujjX s;b4c2T
ð12bÞ=2jjujjX s;b : ð2:14Þ
Recall now the well-known Strichartz-type inequalities establishing
dispersive-type regularizations of the free Airy group (see [14]): for any u0
in L2ðRÞ;
jjW ðtÞu0jjL8x; tðR2Þ4c3jju0jjL2xðRÞ; ð2:15Þ
jj@xW ðtÞu0jjL1x L2t ðR2Þ4c3jju0jjL2xðR2Þ; ð2:16Þ
jjð@xÞ
1=6W ðtÞu0jjL6x; tðR2Þ4c3jju0jjL2xðRÞ; ð2:17Þ
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Bourgain spaces with the following lemma, which we borrow from [8,
Lemma 3.3]:
Lemma 2.3. Let jj 	 jjY be a seminorm in Sx; tðR
2Þ which is stable under
multiplication by functions in L1t ðRÞ in the sense that
jjcf jjY4cjjcjjL1t ðRÞjj f jjY ; 8c 2 L
1
t ðRÞ; 8f 2Sx; tðR
2Þ: ð2:18Þ
Assume the following (Strichartz-type) inequality holds:
jjW ð	Þu0jjY4cjju0jjL2xðRÞ; 8u0 2 L
2
xðRÞ: ð2:19Þ
Then, for all b > 1=2; the following inequality holds:
jj f jjY4cbjj f jjX 0;b ; 8f 2 X
0;b; ð2:20Þ
with cb ¼ cb1=2ð2b  1Þ
1=2:
Hence, using Lemma 2.3, we infer from (2.15)–(2.17) that for any b > 1=2
and any f in X 0;b;
jj f jjL8x; tðR2Þ4c
0
bjj f jjX 0;b ; ð2:21Þ
jj@xf jjL1x L2t ðR2Þ4c
0
bjj f jjX 0;b ; ð2:22Þ
jjð@xÞ
1=6f jjL6x; tðR2Þ4c
0
bjj f jjX 0;b ; ð2:23Þ
where c0b depends on b > 1=2: By interpolating (2.21) with L
2
x; t ¼ X
0;0; we
obtain
jj f jjL4x; tðR2Þ4c
0
bjj f jj
X
0;
b
2
: ð2:24Þ
Similarly, interpolating (2.23), we ﬁnd
jjð@xÞ
1=8f jjL4x; tðR2Þ4c
0
bjj f jj
X
0;
3b
4
: ð2:25Þ
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We now describe an estimate needed to handle the bilinear term in the
KdV equation. We ﬁrst recall from [16, Theorem 1.1] the following
statement:
Proposition 2.1. Let s 2 ð3=4; 0 be given. Then there exists a
numerical constant c00s and a number b 2 ð1=2; 1Þ such that for any function u
in X s;b
jjDðu2ÞjjX s;b14c
00
s jjujj
2
X s;b : ð2:26Þ
We shall also use below a peculiar version of (2.26) that states as follows
(we prove it for s 2 ð1=2; 0 because we do not need it for smaller values
of s):
Proposition 2.2. Let s 2 ð1=2; 0 be given. Then there exists a
numerical constant c00s such that for b
0 2 ð1=2; 9=16; for b 2 ½1=2;minfb0; 1þ
sg; and for any function u in X s;b;
jjDðu2ÞjjX s;b014c
00
s jjujjX s;b jjujj
X

1
2
;b
: ð2:27Þ
As a corollary of this result, we have
Corollary 2.1. Assume, moreover, that the Fourier transform uˆ ¼
uˆðx; tÞ of u is supported in fðx; tÞ; jxj5Ng; N > 0: Then, for 1=25b49=16;
jjDðu2ÞjjX 0;b14
c000ﬃﬃﬃﬃ
N
p jjujj2X 0;b : ð2:28Þ
Proof of Proposition 2.2. Set vˆ ¼ hxisht x3ibuˆ; where uˆ stands for the
Fourier transformFðuÞ of u: By a duality argument, and by setting r ¼ s;
(2.27) stems from the following assertion: there exists C ¼ c00s such that for
any G and v which are of norm 1 in L2ðR2Þ;
Q 
Z
D
xvˆðx1; t1Þvˆðx2; t2ÞGðx; tÞ
ht x3i1b
0
ht1  x
3
1i
bht2  x
3
2i
b
hx1i
rhx2i
r
hxir
dt1 dx1 dt dx
4Cjjvjj
X
r
1
2 ;0
; ð2:29Þ
GOUBET AND ROSA34where
D ¼ fs ¼ fx; t; x1; t1g 2 R
2  R2g
and
x2 ¼ x x1; t2 ¼ t t1:
We divide the majorization of Q into three cases:
First case: jx1j4jx2j41=2: Set D1 for the subset of D where these
inequalities are valid. In that case, the function hx1i
rhx2i
rjxj=hxir is
bounded, and we just have to majorize
Q1 
Z
D1
jvˆðx1; t1Þvˆðx2; t2ÞGðx; tÞj
ht x3i1b
0
ht1  x
3
1i
bht2  x
3
2i
b
dt1 dx1 dt dx: ð2:30Þ
Set
wˆðx; tÞ ¼
vˆðx; tÞ
ht x3ib
wðxÞ;
where w is the characteristic function of the interval ½1=2; 1=2: Then, using
in particular that b0  140 and G has L2-norm one,
Q14 jjGðt; xÞht x
3ib
01jjL2x;tðRÞjjwˆ*wˆjjL2x;tðRÞ4
1
2p
jjGðt; xÞjjL2x;tðRÞjjw
2jjL2x; tðR2Þ
¼
1
2p
jjF1ðjvˆðx; tÞwðx; tÞjÞht x3ibjj2L4x; tðRÞ; ð2:31Þ
where * denotes the convolution operator. Now, we use (2.24), the
embeddings X s;a 
 X s;0 for a50; and the following inverse inequality:
jjF1ðjvˆjwÞjjX 0;04jjvjj
X
r
1
2
;0
ð2:32Þ
to obtain Q14CjjvjjXr1=2;0 :
Second case: jx1j4124jx2j: Set D2 for the corresponding region. In that
case, we use jxj42jx2j and the fact that the function hx1i
rhx2i
r=hxir is
bounded to write
Q24CjjGðt; xÞht x
3ib
01jjL2x;t jjF
1ðjx2jjvˆðx2; t2ÞjÞht2  x
3
2i
bjjL1x L2t
 jjF1ðjvˆðx1; t1Þwðx1ÞjÞht1  x
3
1i
bjjL2xL1t : ð2:33Þ
On the one hand, by (2.22), we have
jjF1ðjx2jjvˆðx2; t2ÞjÞht2  x
3
2i
bjjL1x L2t4CjjvjjL2x; tðR2Þ ¼ C: ð2:34Þ
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 L2xL
1
t ðR
2Þ and by (2.32), we
have
jjF1ðjvˆðx1; t1Þwðx1ÞjÞht1  x
3
1i
bjjL2xL1t
4cjjF1ðjvˆðx1; t1Þjwðx1ÞÞjjX 0;04cjjvjj
X
r
1
2
;0
: ð2:35Þ
Hence, we obtain Q24CjjvjjXr1=2;0 :
Third case: 1
2
4jx1j4jx2j: In this case, the following algebraic inequality
will be useful:
3jxx1x2j ¼ jx
3  x31  x
3
2j ¼ jðt x
3Þ  ðt1  x
3
1Þ  ðt2  x
3
2Þj
4 jt x3j þ jt1  x
3
1j þ jt2  x
3
2j: ð2:36Þ
First subcase: jxx1x2j4jt1  x
3
1j: Set D31 for the corresponding region. For
b41 r; we shall use jxj42jx2j to write
Q314C
Z
D31
jvˆðx1; t1Þvˆðx2; t2ÞGðx; tÞj
ht x3i1b
0
ht2  x
3
2i
b
jx1j
rbjx2j
12b dt1 dx1 dt dx: ð2:37Þ
We then have, using (2.24) and the relations 1 2b40 and b0  14b=2;
Q314CjjF1ðGðt; xÞht x
3ib
01ÞjjL4x; t
jjF1ðjvˆðx2; t2Þjx2j
12bht2  x
3
2i
bÞjjL4x; t jjvjjX rb;0
4CjjvjjXrb;0 : ð2:38Þ
Second subcase: jxx1x2j4jt2  x
3
2j: Set D32 for the corresponding region.
Then,
Q324C
Z
D32
jvˆðx1; t1Þvˆðx2; t2ÞGðx; tÞj
ht x3i1b
0
ht1  x
3
1i
b
jx1j
rbjx2j
12b dt1 dx1 dt dx: ð2:39Þ
We obtain
Q324CjjvjjX 12b;0 jjF
1ðjvˆðx1; t1Þjx1j
rbht1  x
3
1i
bÞjjL4x; t
jjF1ðGÞht x3ib
01jjL4x; t
4CjjvjjX r1=2;0 ; ð2:40Þ
where we used (2.24) and the relations b51=2; r b41 2b40; and b0 
14b=2:
GOUBET AND ROSA36Third subcase: jxx1x2j4jt x
3j: In that case, using also jxj42jx2j;
Q334C
Z
D33
jvˆðx1; t1Þjjx1j
rþb01
ht1  x
3
1i
b
jvˆðx2; t2Þjjx2j
2b01
ht2  x
3
2i
b
jGðt; xÞj dt1 dx1 dt dx:
ð2:41Þ
We then have,
Q334CjjGjjL2t;x jjF
1ðjvˆðx1; t1Þjx1j
rþb01jÞht1  x
3
1i
bjjL4x; t
jjF1ðjvˆðx2; t2Þjx2j
2b01jÞht2  x
3
2i
bjjL4x; t : ð2:42Þ
Thanks to (2.25), this is bounded by
Q334CjjvjjX1=8þrþb01;0 jjvjjX1=8þ2b01;04cjjvjj
X
r
1
2
;0
; ð2:43Þ
provided b041=2þ 1=16 ¼ 9=16: The proof of the proposition is complete. ]
3. WELL POSEDNESS AND ABSORBING SETS
In this section, we use the approaches in [4, 5, 15] to obtain the local well
posedness of Eq. (1.1). Then, we prove the L2 energy equation for the
solutions and obtain the global well posedness and the existence of bounded
absorbing sets in L2ðRÞ:
3.1. Local Well Posedness
We consider ﬁxed but arbitrary 1=25s40 and 1=25b5b049=16:
Assume g 2 R and f ¼ f ðx; tÞ 2 X s;b1½Tf ;Tf ; for some Tf > 0:
For each u0 2 HsðRÞ; we look for a local solution of (1.1) in the mild sense
[11] on an interval ½T ; T ; 05T41 sufﬁciently small, as the ﬁxed point in
X s;b of the map SðuÞ given by
SðuÞ ¼c1ðtÞW ðtÞu0 þ
1
2
cT ðtÞ
Z t
0
W ðt  sÞ½2cTf ðsÞf  2gc1ðsÞuðsÞ
 ððcT ðsÞuðsÞÞ
2Þx ds: ð3:1Þ
By using the estimates from the previous section we ﬁnd, choosing b; b0 such
that e ¼ b0  3b þ 1 > 0;
jjSðuÞjjX s;b4 jjc1jjHbt ðRÞjju0jjHsxðRÞ þ c1jj f jjX s;b1½Tf ; Tf 
þ gc1T jjc1jjHbt ðRÞjjujjX s;b þ
1
2
c1c
00
s c
2
2T
ejjujj2X s;b
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jjSðuÞ  SðvÞjjX s;b4gc1T jjc1jjHbt ðRÞjju  vjjX s;b þ
1
2
c1c
00
s c
2
2T
ejju þ vjjX s;b jju  vjjX s;b :
Then, for T > 0 sufﬁciently small, depending, in particular, on jju0jjHsðRÞ (and
also on jj f jjX s;b1½Tf ; Tf 
; s; b; and b0), the map S is a strict contraction on a
closed ball of X s;b centered at the origin. Hence, there exists a unique ﬁxed
point u; which is a mild solution of (1.1) on the interval ½T ; T : Moreover,
the following bound holds:
jjujjX s;b½T ; T 
4cðjju0jjHsðRÞ þ jj f jjX s;b1½Tf ; Tf 
Þ; ð3:2Þ
for some constant c independent of the data of the problem (we bound
jjc1jjHbt ðRÞ by jjc1jjH1t ðRÞ; which is independent of b).
Now, note that if 1=25b525=48; then it is possible to choose b0 such that
b4b049=16 and b0  3b þ 1 > 0; as required in the calculations above.
Then, we obtain
Theorem 3.1. Let g 2 R and f 2 X s;b1½Tf ;Tf ; with 1=25s40; 1=25
b525=48; and Tf > 0: Let T ¼ Tðjju0jjHsðRÞÞ be as described above. Then,
for each u0 2 HsðRÞ there exists a unique solution u in X
s;b
½T ;T  of Eq. (1.1).
Moreover, t/uðtÞ belongs to Cbð½T ; T ; L2ðRÞÞ and the map which
associates ðg; f ; u0Þ to the corresponding unique solution is continuous from
R X s;b1½Tf ;Tf   H
sðRÞ into X s;b½T 0 ;T 0 \ Cð½T
0; T 0; L2ðRÞÞ; for any 05T 05T
ðjju0jjHsðRÞÞ:
Theorem 3.1 applies, in particular, to the case where f is time independent
and belongs to HsðRÞ:
3.2. Global Solutions and Energy-Type Equations
We want to establish the global existence of the solutions obtained in the
previous section. This is achieved with the help of one of the invariants of
the KdV, namely,
I0ðuÞ ¼ jjujj2L2ðRÞ ¼
Z
R
uðxÞ2 dx: ð3:3Þ
This is just one of a countable number of invariants for the KdV equation
(see [20], for instance). Upon introducing dissipation and external forcing
those integrals are no longer invariant but lead to energy-type equations
which are crucial for proving global existence of the solutions. For a smooth
initial condition u˜0 2 C1c ðRÞ; and a smooth forcing term f˜ 2 C
1
c ðRÞ; the local
solution u˜ 2 X 0;b½T ;T  given by Theorem 3.1, for a small T > 0; coincides with
GOUBET AND ROSA38the classical solution, which exists globally and belongs to C1ðR RÞ: By
multiplying Eq. (1.1) by 2u˜ we see that u˜ satisﬁes the L2 energy-type
equation
d
dt
jju˜ðtÞjj2L2ðRÞ þ 2gjju˜ðtÞjj
2
L2ðRÞ ¼ 2ð f˜; u˜ðtÞÞL2ðRÞ; ð3:4Þ
for all t 2 R: We integrate (3.4) to ﬁnd
jju˜ðtÞjj2L2ðRÞ þ 2g
Z t
0
jju˜ðsjj2L2ðRÞ ds ¼ jju˜0jj
2
L2ðRÞ þ 2
Z t
0
ðf˜; u˜ðsÞÞL2ðRÞ ds; ð3:5Þ
for t 2 ½T ; T : Now, we consider approximations of u0 2 L2ðRÞ and f 2
L2ðRÞ by smooth functions u˜0 and f˜ converging to u0 and f in L2ðRÞ;
respectively. By the continuity with respect to the data of the local solution
given by Theorem 3.1, we have that the solutions u˜ with initial condition
u˜ð0Þ ¼ u˜0 and forcing term f˜ converge in X
0;b
½T ;T ; for all T > 0; to the
solution u 2 X 0;b½T ;T  with initial condition uð0Þ ¼ u0 and forcing term f : By
taking the limit in (3.5) and using the continuity of the solution with respect
to the data, in particular using that
jjuðtÞjj2L2ðRÞ ¼ lim jju˜ðtÞjj
2
L2ðRÞ and ð f ; uðtÞÞL2ðRÞ ¼ limð f˜; u˜ðtÞÞL2ðRÞ;
for all t 2 ½T ; T ; which follow from the embedding (2.7), we ﬁnd that
jjuðtÞjj2 þ 2g
Z t
0
jjuðsÞjj2L2ðRÞ ds ¼ jju0jj
2
L2ðRÞ þ 2
Z t
0
ð f ; uðsÞÞL2ðRÞ ds; ð3:6Þ
for all t 2 ½T ; T : From the energy-type equation (3.6), one can extend the
solution u indeﬁnitely and obtain a global solution u ¼ uðtÞ; t 2 R; with
u 2 X 0;b½T ;T  \ Cbð½T ; T ;L
2ðRÞÞ for all T > 0: One can also check that for
each T > 0 and each initial condition u0 2 L2ðRÞ; there exists a constant
C ¼ Cðjju0jjL2ðRÞ; TÞ such that
jjujjX 0;b½T ; T 
4Cðjju0jjL2ðRÞ; jj f jjL2ðRÞ; g; TÞ: ð3:7Þ
This can be obtained by dividing each interval ½T ; T  into sufﬁciently small
subintervals, as required in the proof of local existence, and by using the
estimate provided by the energy-type equation (3.6) for the norm of the
solution in L2ðRÞ at each instant of time. We omit the details since this is
straightforward and classical. The energy-type equation (3.6) holds for all
time, and the continuity of the solutions with respect to the data can be
extended to all large times, as well. Hence, we have the following result:
GLOBAL ATTRACTOR OF A WEAKLY DAMPLED KdV EQUATION 39Theorem 3.2. Let g 2 R; f 2 L2ðRÞ; and u0 2 L2ðRÞ: Then, there exists a
solution u 2 CðR;L2ðRÞÞ of Eq. (1.1) which is the unique solution which belongs
to X 0;b½T ;T ; for all T > 0 and all 1=25b525=48: Moreover, the solution t/
uðtÞ satisfies the energy equation
d
dt
jjuðtÞjj2L2ðRÞ þ 2gjjuðtÞjj
2
L2ðRÞ ¼ 2ðf ; uðtÞÞL2ðRÞ; ð3:8Þ
for almost every t in R: Furthermore, the map which associates the data
ðg; f ; u0Þ to the corresponding unique solution u is continuous from R
L2ðRÞ  L2ðRÞ into X 0;b½T ;T  \ Cð½T ; T ; L
2ðRÞÞ for all T > 0; with, in
particular,
jjujjX 0;b½T ; T 
4Cðg; jj f jjL2ðRÞ; jju0jjL2ðRÞ; TÞ; ð3:9Þ
for some constant C depending monotonically on the data.
Thanks to Theorem 3.2, we can deﬁne a group associated with Eq. (1.1):
Definition 3.1. For g 2 R and f 2 L2ðRÞ ﬁxed, we denote by fSðtÞgt2R
the group in L2ðRÞ deﬁned by SðtÞu0 ¼ uðtÞ; where u ¼ uðtÞ is the unique
solution of (1.1) which belongs to X 0;b½T ;T  for all T > 0:
3.3. Bounded Absorbing Sets
From this section on, we are interested in the long time behavior of
Eq. (1.1) taking the dissipation into account. Therefore, we assume that
g > 0: We also assume that the forcing term f belongs to L2ðRÞ: We want to
obtain the existence of bounded absorbing sets for the solution operator
fSðtÞgt2R: This is achieved with the help of the energy-type equation proved
in the previous section.
By applying the Cauchy–Schwarz and Young’s inequalities to the term on
the right-hand side of (3.8), we see that
d
dt
jjuðtÞjj2L2ðRÞ þ gjjuðtÞjj
2
L2ðRÞ4
1
g
jj f jj2L2ðRÞ:
Therefore, upon integrating in time,
jjuðtÞjj2L2ðRÞ4jjuðt0Þjj
2
L2ðRÞe
gðtt0Þ þ
1
g2
jj f jj2L2ðRÞð1 e
gðtt0ÞÞ; ð3:10Þ
whence we deduce that
lim sup
t!1
jjuðtÞjjL2ðRÞ4r0 
1
g
jj f jjL2ðRÞ; ð3:11Þ
GOUBET AND ROSA40uniformly for u0 bounded in L
2ðRÞ: Thus, we have proved the following
result:
Proposition 3.1. Let g > 0 and f 2 L2ðRÞ: Then, the solution operator
associated with Eq. (1.1) possesses a bounded absorbing set in L2ðRÞ; with the
radius of absorbing ball given according to (3.1).
4. SPLITTING OF THE SOLUTIONS
We now consider the equations
vt þ vvx þ vxxx þ gv ¼ f  PN ððvwÞx þ wwxÞ; ð4:1Þ
wt þ QNðwwxÞ þ wxxx þ gw ¼ QNðvwÞx; ð4:2Þ
with the initial conditions
vjt¼0 ¼ PNu0; wjt¼0 ¼ QNu0: ð4:3Þ
First, we use that v ¼ u  w to write the equation for w without explicit
use of v: Whence, we deduce the global existence of w and the decay in time
of wðtÞ in L2ðRÞ: Then, the global existence of v follows, and we prove the
regularity of v in H3ðRÞ and the L2 energy equation for v:
4.1. Well Posedness and Decay of the w Part of the Solution
Using that v ¼ u  w; we can write Eq. (1.4) for w without explicit
reference to v:
wt  QN ðwwxÞ þ wxxx þ gw ¼ QN ðuwÞx; ð4:4Þ
with the initial condition
wjt¼0 ¼ QNu0: ð4:5Þ
We will use the global estimates for u to show that wðtÞ decays in L2ðRÞ; as t
increases, as long as the solution is deﬁned. Then, we conclude that wðtÞ is
deﬁned for all positive times and that it decays exponentially to zero in
L2ðRÞ; as t goes to inﬁnity.
The local well posedness of the equation for w follows as that for
Eq. (1.1). For this we use the fact that the solution u belongs (locally in time)
to X 0;b: We consider more general initial conditions of the form
wjt¼t0 ¼ w0 2 L
2ðRÞ; ð4:6Þ
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ﬁxed point argument, we ﬁnd a solution w˜ of the equation
w˜ ¼c1ðtÞW ðtÞw0 þ
1
2
cT ðtÞ
Z t
0
W ðt  sÞ½2gc1ðsÞw˜ðsÞ
 ðQN ðcT ðsÞuðsÞcT ðsÞw˜ðsÞÞÞx  ðQNðcT ðsÞw˜ðsÞÞ
2Þx ds: ð4:7Þ
By applying the estimates from Section 2 we ﬁnd, for e ¼ b0  3b þ 1 > 0;
jjw˜jjX 0;b4 jjc1jjHbt ðRÞjjw0jjL2xðRÞ þ gc1T jjc1jjHbt ðRÞjjw˜jjX 0;b
þ 1
2
c1c
00
s c
2
2T
ejjw˜jj2X 0;b þ c1c
00
s c
2
2T
ejjujjX 0;b jjw˜jjX 0;b :
Hence, for T sufﬁciently small, we obtain the bound
jjw˜jjX 0;b4cjjw0jjL2ðRÞ;
for 1=25b525=48: Since w˜ coincides with the solution w of (4.4) and (4.5)
locally in time around the origin, we see that
jjwjjX 0;b½T ; T 
4cjjw0jjL2ðRÞ: ð4:8Þ
We may repeat the argument above for an interval centered at a different
‘‘initial’’ time t0 to obtain
jjwjjX 0;b½t0T ; t0þT 
4cjjwðt0ÞjjL2ðRÞ; ð4:9Þ
for every t0 in the interval of deﬁnition of w; and for
T ¼ T1ðjjwðt0ÞjjL2ðRÞ; jjuðt0ÞjjL2ðRÞ; jj f jjL2ðRÞ; gÞ: ð4:10Þ
The decay of w is then obtained with the help of the bilinear estimate
(2.28). By taking the inner product of Eq. (4.4) with 2w in L2ðRÞ; we ﬁnd
d
dt
jjwðtÞjj2L2ðRÞ þ 2gjjwðtÞjj
2
L2ðRÞ ¼ ðuxðtÞ;w
2ðtÞÞL2ðRÞ:
We can split the second term on the left-hand side of the above equation
into two equal parts and integrate the equation with one of the terms for the
integrating factor. We obtain
jjwðtÞjj2L2ðRÞ ¼ jjwðt0Þjj
2
L2ðRÞe
gðtt0Þ
þ
Z t
t0
egðtsÞ½ðuxðsÞ;w2ðsÞÞL2ðRÞ  gjjwðsÞjj
2
L2ðRÞ ds:
GOUBET AND ROSA42Consider, for the moment, the truncation function *c ¼ c½t0; t; deﬁned in
Section 2, and the characteristic function w ¼ w½t0; t of the interval ½t0; t: Let
b and b00 be such that 1=25b525=48 and 1 b5b0051=2:Using integration
by parts and duality, we ﬁndZ t
t0
egðtsÞðuxðsÞ;w2ðsÞÞL2ðRÞ ds
¼
Z 1
1
egðtsÞwðsÞð *cðsÞuðsÞ; @xðð *cðsÞwðsÞÞ
2ÞÞL2ðRÞ ds
4jjw *cujjX 0;b00 jj@xð *cwÞ
2jjX 0;b00 : ð4:11Þ
From the choice of b00 and by applying (2.28), we have the estimate
jj@xð *cwÞ
2jjX 0;b004jj@xð *cwÞ
2jjX 0;b14
cﬃﬃﬃﬃ
N
p jjwjj2
X 0;b½t0 ; t
: ð4:12Þ
On the other hand, since w belongs to Hb
00
t \ L
1
t and
*cu belongs to X 0;b;
which is included in L1t L
2
x (see (2.7)), one can show, using (2.10), that
jjw *cujjX 0;b004jjwjjL1t ðRÞjj
*cujjX 0;b00 þ jjwjjHb00t jj
*cujjX 0;b4CðwÞjjujjX 0;b½t0 ; t
; ð4:13Þ
where CðwÞ depends on w; hence on t0 and t; but is independent of N :
Inserting (4.12) and (4.13) into (4.11) yieldsZ t
t0
egðtsÞðuxðsÞ;w2ðsÞÞL2ðRÞ ds4
CðwÞ
N1=2
jjujjX 0;b½t0 ; t
jjwjj2
X 0;b½t0 ; t
:
Then, using (4.9) (with t0 ¼ s there),Z t
t0
egðtsÞðuxðsÞ;w2ðsÞÞL2ðRÞ ds4
CðwÞ
N1=2
jjujjX 0;b½t0 ; t
1
t  t0
 Z t
t0
jjwjj2
X 0;b½t0 ; t
ds
4
CðwÞ
N1=2
jjujjX 0;b½t0 ; t
1
t  t0
 Z t
t0
jjwðsÞjj2L2ðRÞ ds:
Thus,
jjwðtÞjj2L2ðRÞ4jjwðt0Þjj
2
L2ðRÞe
gðtt0Þ
þ
Z t
t0
CðwÞ
ðt  t0Þ
ﬃﬃﬃﬃ
N
p jjujjX 0;b½t0 ; t  egðtsÞg
 !
jjwðsÞjj2L2ðRÞ ds:
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equation is negative, and, hence,
jjwðtÞjj2L2ðRÞ4jjwðt0Þjj
2
L2ðRÞe
gðtt0Þ: ð4:14Þ
Now, this can be iterated and shown to hold for all t5t050 in the interval
of deﬁnition of w: Then, we see that the solution w ¼ wðtÞ can be extended to
all positive times and, moreover, (4.14) holds for all t5t050: In particular,
with t0 ¼ 0 and wðt0Þ ¼ QNu0; we ﬁnd
jjwðtÞjj2L2ðRÞ4jjQNu0jj
2
L2ðRÞe
gt; 8t50: ð4:15Þ
The analysis above should actually be done for smooth u0 and f ; but, by
density and by the continuity of the solutions with respect to the initial
condition, the ﬁnal bounds (4.14) and (4.15) hold for arbitrary u0 and f in
L2ðRÞ:
4.2. Regularity of the v Part of the Solution
Since u and w are deﬁned globally in time, so is v ¼ u  w: We now prove
an H3xðRÞ bound for v:
We ﬁrst observe that y  PNv ¼ PNu is smooth and satisﬁes
lim sup
t!1
jjyðtÞjjH3x ðRÞ4r0N
3; lim sup
t!1
jjuðtÞjjL2xðRÞ4r0; ð4:16Þ
where r0 is the radius of the absorbing ball given in (3.11). We focus on an
H3xðRÞ estimate for Z  QNv; which is solution to
Zt þ Zxxx þ QN ððy þ ZÞðy þ ZÞxÞ þ gZ ¼ QNf ð4:17Þ
with initial condition Zð0Þ ¼ 0:
We know that Z ¼ QNv remains bounded in L2xðRÞ: Then, from (4.17),
jjZxjjL2xðRÞ4KðjjZxjjH2x ðRÞ þ jjZxxxjjH2x ðRÞÞ
4KðjjZtjjH2x ðRÞ þ jjðy þ ZÞ
2jjH1x ðRÞ þ 1Þ
4Kð1þ jjZtjj
1=3
L2xðRÞ
Þ; ð4:18Þ
where we used interpolation between L2xðRÞ and H
3
x ðRÞ; the fact that Zt
remains bounded in H3x ðRÞ; and inequality (2.3). The coefﬁcient K denotes
a ‘‘constant’’ which may depend on g; jj f jjL2ðRÞ; and jju0jjL2ðRÞ; and which may
increase from inequality to inequality.
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2
xðRÞ
estimate on Z0 ¼ Zt; which solves
Z0t þ Z
0
xxx þ 2QN@xððy þ ZÞZ
0Þ þ gZ0 ¼ 2QN@xððy þ ZÞytÞ; ð4:19Þ
with initial condition Z0ð0Þ ¼ QNf  QNyð0Þyxð0Þ in L2xðRÞ:
Multiply this equation by 2Z0 and integrate over R with respect to x to
obtain, after using Young’s inequality,
d
dt
jjZ0jj2L2 þ gjjZ
0jj2L24
4
g
jj@xðytðy þ ZÞÞjjL2xðRÞ þ 2
Z
R
ðy þ ZÞ@xðZ0Þ
2 dx: ð4:20Þ
Using (2.2) and Young’s inequality, and then (4.18) and inverse
(Poincare´-type) inequalities (for functions with bounded spatial frequency),
we ﬁnd
jj@xðytðy þ ZÞÞjjL2xðRÞ4jjytjjH1x ðRÞjjy þ ZjjH1x ðRÞ4KðNÞð1þ jjZ
0jj1=3
L2xðRÞ
Þ; ð4:21Þ
where, as in (4.18), KðNÞ depends on g; jj f jjL2ðRÞ; jju0jjL2ðRÞ; and it is now
allowed to depend on N; as well.
We integrate over ½0; t to obtain
jjZ0ðtÞjj2L2x e
gt4jjZ0ð0Þjj2L2x þ
Z
R½0; t
egsfðy þ ZÞ@ððZ0Þ2Þ þ KðNÞg dx ds
				
				: ð4:22Þ
We proceed as in (4.8)–(4.14), using the bilinear estimate (2.28) and the local
well posedness of (4.19) in L2; to obtain, for t small enough,
jjZ0ðtÞjj2L2x4KðNÞ þ
1
N2
jjZ0jj2
X 0;b½0; t
; ð4:23Þ
for 1=25b525=48; and then conclude that
jjZ0ðtÞjj2L2xðRÞ4KðNÞ; 8t50:
Therefore, there exists K ¼ KðN ; jju0jjL2xðRÞÞ > 0 such that
jjvðtÞjjH3x ðRÞ4KðN ; jju0jjL2xðRÞÞ; 8t50: ð4:24Þ
4.3. Energy Equation for v
Since vðtÞ belongs to H3xðRÞ; we may take directly the inner product in
L2xðRÞ of Eq. (4.1) for v with 2v to ﬁnd that
d
dt
jjvjj2L2ðRÞ þ 2gjjvjj
2
L2ðRÞ ¼ 2ðf ; vÞL2ðRÞ þ ðPN ð2vw þ w
2Þ; vxÞL2ðRÞ: ð4:25Þ
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jjvðtÞjj2L2ðRÞ ¼ jjvðt0Þjj
2
L2ðRÞ þ
Z t
t0
e2gðtt0Þ½2ðf ; vðsÞÞL2ðRÞ
þ ðPNð2vðsÞwðsÞ þ w2ðsÞÞ; vxðsÞÞL2ðRÞ ds: ð4:26Þ
5. ASYMPTOTIC SMOOTHING AND THE GLOBAL ATTRACTOR
The ﬁrst step is to prove the asymptotic compactness of the group in
L2ðRÞ: This is done by showing that for a bounded sequence of initial
conditions fu0ngn in L
2ðRÞ and a sequence of positive numbers tn !1; the
solutions unðtnÞ ¼ vnðtnÞ þ wnðtnÞ are precompact in L2ðRÞ; with wnðtnÞ
decaying to zero in L2ðRÞ and vnðtnÞ being precompact in L2ðRÞ and weakly
precompact in H3ðRÞ: This will give us the existence of the global attractor
A in L2ðRÞ; and, at the same time, the boundedness of A in H3ðRÞ:
Then, we work with the equations for u0n ¼ dun=dt and we show, using the
energy equation method applied to u0n; that with the initial conditions fu0ng
belonging to A (and, hence, bounded in H3ðRÞ), the sequence u0nðtnÞ is
precompact in L2ðRÞ: This implies, from the equation for u; that unðtnÞ is
precompact in H3ðRÞ: This shows that the ﬂow restricted to the global
attractor is asymptotically compact in H3ðRÞ and, hence, that the global
attractor is compact in H3ðRÞ:
5.1. Existence of the Global Attractor in L2ðRÞ
Let fu0ngn be bounded in L
2ðRÞ and let ftngn be a sequence of positive real
numbers going to inﬁnity. Let vn and wn be the solutions associated with
each initial condition u0n; they are deﬁned for all time t50: From Section
4.2, we have that
fvnðtn þ 	Þgn is bounded in Cð½T ; T ; H
3ðRÞÞ; ð5:1Þ
and, for the time derivative,
dvn
dt
ðtn þ 	Þ

 
n
is bounded in Cð½T ; T ; L2ðRÞÞ; ð5:2Þ
for each T > 0 (and starting with n sufﬁciently large so that tn  T50). This
implies, by the Arzela–Ascoli Theorem, that fvnðtn þ 	Þg is precompact in
Cð½T ; T ; L2locðRÞÞ; for every T > 0: Then, using again (5.1), we see by
interpolation that fvnðtn þ 	Þg is actually precompact in Cð½T ; T ; HslocðRÞÞ;
for all 04s53: Thus, by a diagonalization process, we obtain a subsequence
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vnj ðtnj þ 	Þ ! %uð	Þ strongly in Cð½T ; T ; H
s
locðRÞÞ; 8s 2 ½0; 3Þ;
weakly star in L1ð½T ; T ; H3ðRÞÞ; 8T > 0:
ð5:3Þ
Moreover, since %ut belongs to L
1ð½T ; T ; L2ðRÞÞ; then, for any s53;
%u 2 CðR; HsðRÞÞ; jj %uðtÞjjH3ðRÞ4Cðr;NÞ; 8t 2 R; ð5:4Þ
the uniform bound follows from the boundeness of v in H3ðRÞ (see (4.24)).
In fact, %u is weakly continuous with values in H3ðRÞ (by the Strauss
theorem). We also ﬁnd that
vnj ðtnj þ tÞ * %uðtÞ weakly in H
3ðRÞ; for every t 2 R: ð5:5Þ
From (4.15), we ﬁnd that
jjwnðtn þ tÞjjL2ðRÞ ! 0; uniformly for t5 T 8T > 0: ð5:6Þ
With (5.3) and (5.6), one can pass to the limit in the weak formulation of
the equation for vnj to ﬁnd that %u is a solution of the weakly damped, forced
KdV equation (1.1), that moreover satisfy the energy equality (3.6).
We now write the integral form (4.26) of the L2 energy equation for vn
with t ¼ tn and t0 ¼ tn  T :
jjvnðtnÞjj2L2ðRÞ ¼ e
2gT jjvnðtn  TÞjj2L2ðRÞ þ
Z T
0
e2gðTsÞ½2ðf ; vnÞL2ðRÞ
 ðPNð2vnwn  w2nÞ; vnx ÞL2ðRÞ ds; ð5:7Þ
where, for notational simplicity, we omitted the argument tn  T þ s of the
functions inside the time integral. By using the uniform bound for v in
H3ðRÞ; decay (5.6) of wn; and the weak-star limit of vnj in (5.3), we ﬁnd
lim sup
j!1
jjvnj ðtnj Þjj
2
L2ðRÞ4CðR;NÞe
2gT
þ 2
Z T
0
e2gðTsÞðf ; %uðT þ sÞÞL2ðRÞ ds: ð5:8Þ
By substituting for the L2 energy equation (3.8) for %u (see (3.6)), we
obtain
lim sup
j!1
jjvnj ðtnj Þjj
2
L2ðRÞ42CðR;NÞe
2gT þ jj %uð0Þjj2L2ðRÞ: ð5:9Þ
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lim sup
j!1
jjvnj ðtnj Þjj
2
L2ðRÞ4jj %uð0Þjj
2
L2ðRÞ: ð5:10Þ
This, together with the weak convergence (5.5) and the decay (5.6), implies
that
unj ðtnj Þ ¼ vnj ðtnj Þ þ wnj ðtnj Þ ! %uð0Þ strongly in L
2ðRÞÞ
weakly in H3ðRÞ:
ð5:11Þ
This shows that the solution operator is asymptotically compact in L2ðRÞ
and, hence, there exists a global attractor A in L2ðRÞ: Moreover, it also
follows thatA is a bounded set in H3ðRÞ: By interpolation,A is compact in
any HsðRÞ; for 04s53: It remains to show that A is compact in H3ðRÞ:
5.2. Compactness of the Global Attractor in H3ðRÞ
For the compactness in H3ðRÞ; we restrict the ﬂow to the global
attractor, which is bounded in H3ðRÞ; and we show that the ﬂow is
asymptotically compact in H3ðRÞ: For this purpose, we assume that
the sequence of initial conditions fu0ngn belongs to A: Since the global
attractor is invariant and is bounded in H3ðRÞ; as shown above, the
corresponding trajectories unðtÞ ¼ SðtÞu0n belong to and are uniformly
bounded (w.r.t. n and t) in H3ðRÞ; for all t 2 R:We want to show that unj ðtnj Þ
converges to %uð0Þ in H3ðRÞ: For this purpose, we use the equation for
u0n ¼ dun=dt:
u0nt þ ðunu
0
nÞx þ u
0
nxxx
þ gu0n ¼ 0: ð5:12Þ
From the equation for un; we see that proving that unj ðtnj Þ converges to
%uð0Þ in H3ðRÞ amounts to proving that u0nj ðtnj Þ converges to %u
0ð0Þ strongly in
L2ðRÞ: Since the trajectories funðtn þ 	Þgn are uniformly bounded in H
3ðRÞ
and converge strongly in Cð½T ; T ; L2ðRÞÞ to %u; we see that
u0nj ðtnj þ 	Þ * %u
0ð	Þ strongly in Cð½T ; T ; HsðRÞÞ; 8s 2 ½0; 3Þ;
and weakly star in L1ð½T ; T ; L2ðRÞÞ; 8T > 0:
ð5:13Þ
Now, we consider the L2 energy equation for u0n:
jju0nðtnÞjj
2
L2ðRÞ ¼ e
2gT jju0nðtn  TÞjj
2
L2ðRÞ 
Z T
0
e2gðTsÞðunx ; u
02
n ÞL2ðRÞ ds; ð5:14Þ
GOUBET AND ROSA48where, for notational simplicity, we omitted the argument tn  T þ s of the
functions inside the time integral. We plan to pass to the limit in (5.14). On
the one hand, due to (5.13), when j goes to 1;
Z T
0
e2gðTsÞððunj Þx  %ux; %u
02ÞL2ðRÞ ds ! 0: ð5:15Þ
On the other hand, for 05s423=48 and 1=25b525=48; we take b00 such
that 1 b5b0051=2 and proceed as in (4.11)–(4.13) (but with s; and using
(2.27) with b0 ¼ b; instead of (2.28)) to ﬁnd
Z T
0
e2gðTsÞðunjx ; u
02
nj
 %u2ÞL2ðRÞ ds
				
				4cjjunj jjX s;b½0; T  jju0nj  %u0jj2Xs;b½0; T  : ð5:16Þ
From (5.13) and the well posedness of (5.12) in Xs;b½0;T  (see Theorem 3.1), we
can pass to the limit as j goes to inﬁnity and thus obtain
lim
j!1
Z T
0
e2gðTsÞðunjx ðtnj  T þ sÞ; u
0
nj
ðtnj  T þ sÞ
2ÞL2ðRÞ ds
¼
Z T
0
e2gðTsÞð %uxðT þ sÞ; %u0ðT þ sÞ
2ÞL2ðRÞ ds: ð5:17Þ
Then, from (5.14),
lim sup
j!1
jju0nj ðtnj Þjj
2
L2ðRÞ4CðrÞe
2gT

Z T
0
e2gðTsÞð %uxðT þ sÞ; %u0ðT þ sÞ
2ÞL2ðRÞ ds:
ð5:18Þ
By substituting for the corresponding L2 energy equation for %u0; we ﬁnd
lim sup
j!1
jju0nj ðtnj Þjj
2
L2ðRÞ42CðrÞe
2gT þ jj %u0ð0Þjj2L2ðRÞ: ð5:19Þ
We let T go to inﬁnity to ﬁnd
lim sup
j!1
jju0nj ðtnj Þjj
2
L2ðRÞ4jj %u
0ð0Þjj2L2ðRÞ: ð5:20Þ
Therefore,
u0nj ðtnj Þ ! %u
0ð0Þ strongly in L2ðRÞ: ð5:21Þ
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%uð0Þ; which proves the desired asymptotic compactness in H3ðRÞ and, hence,
the compactness of A in H3ðRÞ:
5.3. Conclusion
We have shown the following result:
Theorem 5.1. Let g > 0 and f 2 L2ðRÞ: Then, the solution operator
fSðtÞgt2R in L
2ðRÞ associated with Eq. (1.1) possesses a connected global
attractor A in L2ðRÞ which is compact in H3ðRÞ: More precisely, A is a
connected and compact set in H3ðRÞ; it is invariant for the system; it attracts
(in the L2ðRÞ-metric) all the orbits of the system uniformly with respect to
bounded sets (in L2ðRÞ) of initial conditions; and (with respect to the inclusion
relation)A is maximal among the bounded invariant sets and minimal among
the globally attracting sets.
Similarly, one can show that
Theorem 5.2. Let g > 0 and f 2 HkðRÞ; where k 2 N: Then, for each m ¼
0; 1; . . . ; k; the solution operator fSmðtÞgt2R associated with Eq. (1.1) in the
phase space HmðRÞ is well defined and possesses a connected global attractor
A in HmðRÞ; which is the same for all m ¼ 0; 1; . . . ; k: Moreover, the global
attractor A is compact in Hkþ3ðRÞ:
6. L2-WEAK CONTINUITY OF THE SOLUTION OPERATOR
As we mentioned in the Introduction, the weak continuity of the solution
operator is usually a key issue in the proof of the existence of the global
attractor in noncompact systems via the energy equation method. We also
mentioned that, in the present case, since we also use a splitting of the
semigroup to obtain the regularity of the global attractor, the weak
continuity property is actually not needed (it is replaced by an asymptotic
weak continuity property; see Section 5.1). Nevertheless, the weak
continuity is an interesting property by itself. Therefore, we present now a
sketch of its proof.
In higher order Sobolev spaces, the weak continuity is relatively easy to
prove (see, however, [25], where some difﬁculties already appear in H1ðRÞ).
This is not the case in L2ðRÞ; where there are some delicate issues to
overcome.
Since we are interested in the weak continuity locally in time, we can take
for simplicity g ¼ 0: The proof for g 2 R is similar. Moreover, since the
solutions are bounded in L2ðRÞ on a ﬁnite interval of time (globally in time
GOUBET AND ROSA50for g ¼ 0), we can also consider a suitably small interval of time depending
on the L2ðRÞ-norm of the initial condition. This result can then be iterated to
yield the weak continuity on arbitrarily large intervals of time.
Consider ue0 that converges weakly to u0 in L
2ðRÞ: Consider uðtÞ that is
solution to
ut þ uxxx þ uux ¼ 0; ð6:1Þ
with uð0Þ ¼ u0: This solution is understood in the mild sense of Bourgain–
KPV solution to KdV.
Consider ueðtÞ that solves (6.1) with initial data ue0: We prove that for t
small enough (without loss of generality) ueðtÞ converges weakly to uðtÞ in
L2xðRÞ:
First step: Fix N and consider the projector PN deﬁned by FðPNuÞðxÞ ¼
uˆðxÞwð x
N
Þ; where w is the characteristic function of the interval ½1; 1:
Consider ve;NðtÞ that solves
vt þ vxxx þ vvx ¼ 0; ð6:2Þ
with initial condition vð0Þ ¼ PNue0: For N ﬁxed, we know [27] that v
e;NðtÞ is
bounded in the space
Cð½T ; T ;H2xðRÞÞ \ C
1ð½T ; T ;H1x ðRÞÞ;
since PNu
e
0 is as smooth as we want and since
jjPNue0jjH2x ðRÞ4KN
2; ð6:3Þ
where K is independent of e:
Hence if L2x;locðRÞ denotes the Fre´chet space endowed with its natural
topology (L2x convergence on bounded sets), v
e;N ðtÞ strongly converges to vN
in Cð½T ; T ;L2x;locðRÞÞ: We can let e! 0 in (6.2) (convergence in D
0), and
vN is solution to (6.2) with initial data PNu0:
On the other hand, the limit vN belongs to L1ð½T ; T ;H2xðRÞÞ (weak-star
convergence) and vNt belongs to L
1ð½T ; T ;H1x ðRÞÞ: Therefore, v
N
belongs to Cð½T ; T ;HsxðRÞÞ for each s52 (and is even weakly continuous
in t with values in H2xðRÞ).
By uniqueness of solution of (6.2) in Cð½T ; T ;HsxðRÞÞ; for s > 3=2; v
N is
the usual solution of (6.2) with initial data PNu0:
Second step: Now, we;N ðtÞ ¼ ueðtÞ  ve;NðtÞ is solution to
wt þ wxxx þ wwx þ ðvwÞx ¼ 0; ð6:4Þ
with initial data wð0Þ ¼ ðId  PNÞue0 ðe ¼ 0 included).
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jjwðtÞjjHsðRÞ4K jjwð0ÞjjHsðRÞ: ð6:5Þ
Here K depends on T but is independent of N and e:
In fact, (6.5) comes from the well posedness of KdV equation in Bourgain
spaces X
s;1=2þ
loc of negative order.
Observe also that since ue0 is bounded in L
2ðRÞ;
jjwð0ÞjjHsðRÞ ¼ jjðId  PNÞu
e
0ÞjjHsðRÞ4
jjue0jjL2ðRÞ
Ns
4KNs: ð6:6Þ
Conclusion: We have, N being ﬁxed, for a test function c that is smooth,
compactly supported and that satisﬁes jjcjjL2ðRÞ ¼ 1;
jðuðtÞ  ueðtÞ;cÞL2ðRÞj ¼ jðuðtÞ  v
N ðtÞ þ vN ðtÞ  ve;NðtÞ þ ve;NðtÞ  ue;cÞL2ðRÞj
ð6:7Þ
¼ jðw0;N ðtÞ þ vN ðtÞ  vN;eðtÞ þ we;N ðtÞ;cÞL2ðRÞj ð6:8Þ
42KNs þ jðvN ðtÞ  ve;NðtÞ;cÞL2ðRÞj; ð6:9Þ
where we used (6.6). Let e! 0 with N ﬁxed to obtain, from the ﬁrst step,
lim sup
e!0
jðvNðtÞ  ueðtÞ;cÞL2ðRÞj42KN
s: ð6:10Þ
Let N ! þ1 to conclude that ueðtÞ converges to uðtÞ in the distribution
sense. We remove the condition ‘‘c is smooth and compactly supported’’ by
a density argument, since we;N is a bounded sequence in L1ð½T ; T ;L2ðRÞÞ:
This concludes the proof.
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